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A bifurcating tree-like network consists of a single inlet channel, which bifurcates over several levels to
uniformly distributed microchannels that are vertically connected to a second network for fluid return.
Here we introduce a one-dimensional model that considers convective heat transfer from the solid into
the liquid as well as entrance and mixing effects. The performance of the bifurcating network is compared
with that of a parallel microchannel cold plate branching from a single tapered manifold channel in terms
of a constant volume flow rate, pressure gradient, and required pumping power. We optimized both net-
works independently with regard to global boundary conditions for cooling microprocessors and found a
significantly superior performance for the parallel channel cooler. For a constant flow rate, the parallel
channel network achieves a more than fivefold higher performance coefficient than the bifurcating
tree-like network, while almost four times more heat can be removed for a constant pressure gradient
across the networks.

� 2009 Published by Elsevier Ltd.
1. Introduction

The past few decades have seen a rapid growth in the computa-
tional power of processor chips, which may continue as predicted
by Moore’s law. The exponential increase in transistor density and
storage density as well as the faster clock speed, however, cause
serious problems in the thermal management of microelectronic
devices. This miniaturization trend renders thermal management
challenging, especially when strict limitation of space and operat-
ing costs are applied. Until now the CPUs are cooled using large air
heat sinks, but this will not be sufficient for cooling the next gen-
eration of microchips [1], particularly in compact multichip mod-
ules and 3-D microelectronic packages. Hence, novel cooling
methods with thin form factors and high cooling performance
are needed.

Tuckerman and Pease [2] first demonstrated microchannel heat
sinks for cooling integrated electronic circuits. Since then, several
investigations on single, straight microchannels and microchannel
networks have been performed [3,4]. Microchannel heat sinks not
only entail an increased heat transfer area per unit volume, they
also make use of an enhanced solid to liquid heat transfer because
of their narrow channel cross-section. However, the heat transfer
enhancement is achieved at the expense of an increased pumping
power. An additional disadvantage of parallel microchannel net-
works is the nonuniform wall temperature due to the fluid temper-
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ature increase along the channel. This has created a need for
alternative designs.

Thanks to the evolution principle of survival of the fittest, nat-
ure often demonstrates optimal solutions for information handling
and fluid transport problems. Because of the analogy between heat
and mass transfer, biological transport systems provided inspira-
tion for the design of tree-like structured microchannel networks
as high-performance heat sinks [5–11].

Bejan and Errera [5] introduced ‘‘constructal” microchannel
networks as heat sinks for electronic devices. They studied the
cooling performance of rectangular and disk-shaped hierarchical
structured networks, and proposed designs for fluid flow with min-
imum flow resistance between a volume and a point.

Chen and Cheng [6] and Pence [7] analyzed a rectangular design
of a fractal bifurcating channel net for cooling electronic chips and
compared its performance with that of a parallel channel net. They
adapted the specific geometrical and operation parameters of the
parallel channel net to the fractal network. Chen and Cheng [6] as-
sumed the flow to be laminar and fully developed, and neglected
the pressure drop across bifurcations. The hydraulic diameter
was identical to that of the initial channel of the fractal network.
The length of the parallel channels was twice that of the initial
channel of the fractal network, and the number of channels
matched the total heat transfer area of the fractal network. The
flow in each channel of the parallel channel net had the same
velocity as in the initial channel of the fractal net. Over the entire
range of investigation, the fractal network increased the heat
transfer rate while reducing the pumping power. In contrast to
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Nomenclature

A surface area [m2]
B branching factor [�]
C friction coefficient [�]
COP coefficient of performance [�]
cp specific heat capacity, 4198 [J kg�1 K�1]
d diameter [m]
f Fanning friction factor [�]
h channel height [m]
L length [m]
N quantity indicator [�]
Nu Nusselt number [�]
P pumping power [W]
p pressure [Pa]
q00 area-normalized heat flux [W cm�2]
R frictional flow resistance [�]
Re Reynolds number [�]
T temperature [K]
u velocity [m s�1]
_V volume flux [m3 s�1]
w channel width [m]
z dimensionless channel length [�]

Greek letters
a heat transfer coefficient [W m�2]
b Euclidean fractal dimension of diameter [�]
c Euclidean fractal dimension of length [�]

e aspect ratio, <1 [�]
1 head loss coefficient [�]
k thermal conductivity, 0.599 [W m�1 K�1]
l dynamic viscosity, 0.00102 [kg m�1 s�1]
n axial channel position [m]
q density, 997.6 [kg m�3]
0 zeroth branching level [�]

Subscript/Superscript
i,j indices
k branching level, index from 0 to K
K total number of branching levels
M manifold
x x-direction
y y-direction
chip chip back-side surface, heat sink footprint
Ch parallel channels
f fluid
h hydraulic
w channel wall, convective surface
app apparent
T bifurcation
frict frictional
p parallel channel network
l mean
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Chen and Cheng [6], Pence [7] took into account that the hydrody-
namic and thermal boundary layers reinitiate after each bifurca-
tion in the branching flow network. The parallel channels have a
square cross-section, assuming that the hydraulic diameter of the
parallel channels was equal to the terminal hydraulic diameter of
the fractal channel network. The convective surface areas of both
configurations were identical. Pence demonstrated that under con-
stant pumping conditions the fractal network yields a 60% lower
pressure drop for the same flow rate and a 30 �C lower wall tem-
perature than the parallel channel net.

In the present work, we analyze the hydrodynamic and thermal
performance of a bifurcating network, evaluate its potential as a
cooling system for high-power electronics, and compare it with a
parallel microchannel cold plate. In contrast to former comparisons
[6,7], both networks are optimized independently with regard to
common global boundary conditions for electronic cooling solu-
tions. As global constraints we take a given footprint of the heat
sink, a single inlet and outlet channel, and an overall maximum
pressure drop. The present one-dimensional model accounts for
simultaneously developing flow and pressure losses across bifurca-
tions. We discuss the hydrodynamic performance of both networks
based on the pressure drop for a given volume flux, and identify
the required pumping power. The thermal performance of the net-
work is evaluated for a constant wall heat flux and a constant wall
temperature boundary condition. We determine the characteristic
coefficients of performance, and compare the network perfor-
mance for constant volume flux, pressure gradient, and pumping
power.

2. Network design

The flow enters a bifurcating tree-like network for convective
cooling through an initial channel at the 0th branching level, and
bifurcates successively to smaller and smaller channels until it
reaches the smallest capillaries as shown in Fig. 1. As the fluid is
now distributed over the entire chip surface, a second tree-like net-
work, located on top of the first network, is required to serve as
fluid collector. The two identical networks are vertically connected
at the ends of the highest branching levels. The flow enters the col-
lector network by vertical interconnects, and merges again succes-
sively into larger channels until it leaves the network through a
single outlet, located directly on top of or opposite to the inlet.
Hence, a closed fluid loop with integrated manifold is formed,
and no additional lateral manifold is needed.

The design of a fractal bifurcating network is determined by just
a few parameters, as the ratio of the channel length and character-
istic diameter from one to the next branching levels are constant.
The channel length ratio is defined as

Lkþ1

Lk
¼ B�1=c; ð1Þ

and the ratio of the characteristic channel diameter is given by

dkþ1

dk
¼ B�1=b; ð2Þ

where B is the branching factor, which equals 2 for a bifurcating
network; c and b are the Euclidean fractal dimension of length
and diameter, respectively. The symbols dk and Lk indicate the char-
acteristic diameter and length of a channel at branching level k,
where k is an index running from zero to K.

For manufacturability, the channel geometry is restricted to a
rectangular cross-sectional flow geometry with a constant height
h. The characteristic diameter d in Eq. (2) (the hydraulic diameter)
is replaced by the square root of the cross-sectional area as sug-
gested by Muzychka and Yovanovich [12]. Hence

dh;k ¼ ðhwkÞ0:5; ð3Þ

where wk is the channel width at the kth branching level. Combin-
ing Eqs. (2) and (3) provides an explicit characterization for the
k + 1-level channel width, wk+1,
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Fig. 1. Bifurcating network with six branching levels K = 6, dk+1/dk = 2�1/3, Lk+1/Lk = 2�1/2 L0 = 10 mm, d0 = 0.5 mm.
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wkþ1 ¼ wkB�2=b; ð4Þ

in terms of the lower branching level width, wk. As the focus of this
work is to design a heat sink for cooling a rectangular-shaped elec-
tronic chip, the branching angle is kept constant to 90�. According
to Murray’s law minimizing the network flow resistance for a fixed
total channel volume leads to an optimal Euclidian fractal dimen-
sion for the length and width of c = 3 and b = 3 [13]. However a
Euclidian length scale factor of c = 3 results in overlapping channels
at higher branching levels. Thus, for geometric reasons, a factor of
c = 2 is chosen. Hence, for a given initial channel length L0, channel
width w0 and channel height h, the only design parameter of free-
dom is the absolute number of branching levels.

Fig. 2 shows a scheme of a parallel channel network with an
integrated manifold system. Fluid enters the network by a single
manifold channel of initial width wM. The manifold channel
branches perpendicularly to narrow microchannels forming the
heat-exchanging parallel channel network. The hot fluid is re-
turned by a collecting channel with an outlet opposite to the inlet.

The parallel channel network covers exactly the same chip sur-
face area as the tree-like network with uniformly distributed chan-
nels. Thus the dimensions of the surface in the x- and y-direction
are given by

Lx ¼ 4L0B�1=c ð5Þ

and

Ly ¼ 2L0: ð6Þ

As the fractal dimension of the channel length is 2, the footprint of
the heat sink is determined by

Achip ¼ LyLx ¼ 25=2L2
0: ð7Þ
y

x

z

Isometric view

Fig. 2. Parallel channel network with 20 parallel straigh
The maximum number of parallel channels is defined by the heat
sink extension in the x-direction, the channel width, wCh, and the
wall thickness, ww, as

NCh 6
Lx

wCh þww
; ð8Þ

where the number of channels, NCh, is an integer and is rounded
down. The heat conduction in the solid part of the network is not
taken into account. However, for a realistic design of a parallel
channel network, a sufficiently high fin efficiency has to be ensured.
Following Tuckerman and Peace [14], an optimum choice of design
variables that minimize the overall thermal resistance is obtained
by a channel width to wall thickness ratio of unity. The length of
the parallel channels is determined from the extension of the heat
transfer surface area in the y-direction and the initial width of the
manifold wM,0 to be

LCh ¼ Ly � 2wM;0; ð9Þ

and the length of the manifold channel is given by

LM ¼ Lx � 0:5ww: ð10Þ

Each heat-exchanging microchannel is supplied by the same
amount of fluid for the network to uniformly cool the surface area.
Consequently the volume flux along the manifold channel decreases
linearly with the axial position as

_VMðnÞ ¼ 1� n
LM

� �
; ð11Þ

where n is the channel axial position. To uniformly supply all heat-
exchanging microchannels with fluid, a constant pressure drop
across each microchannel is required. This will be established if
the pressure along the supply and return channels drops linearly
Lx

Ly

wm

Lch

wch

Top view

t channels NCh = 20, Lx = 28.33 mm, and Ly = 20 mm.
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Fig. 3. Schematic of the geometrical structure of the bifurcating network.
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with the same gradient. A nonlinearity of the pressure drop can be
compensated by introducing a tapered channel cross-section.
Assuming a laminar, fully developed flow, and a constant friction
factor, we obtain a channel profile along the manifold:

wMðnÞ ¼ wM;0 1� n
LM

� �1=2

: ð12Þ

This channel profile ensures that the pressure drop along the distri-
bution and the collector manifold is the same, resulting in a con-
stant pressure drop across all channels of the heat transfer
network. Thus the channel width of the parallel network is the only
independent parameter that provides freedom for optimizing the
parallel channel network in terms of cooling power and efficiency.

3. Mathematical model

A mathematical model for computing the pressure distribution
and heat transfer rates of both configurations was developed,
assuming laminar and incompressible fluid flow with constant heat
capacity, cp, dynamic viscosity, lf, density, qf, and thermal conduc-
tivity, kf. Senn and Poulikakos [11] demonstrated numerically that,
when the flow passes a bifurcation, secondary flow motion occurs,
causing laminar mixing of the fluid. Hence, both the hydrodynamic
and thermal boundary layers are disrupted, and the pressure drop
and heat transfer are increased locally. They demonstrated that the
effect of bifurcations and turns is substantial and not negligible, if
the hydrodynamic and the thermal boundary layers are assumed
to reinitiate at the entrance of each branching level.

3.1. Hydrodynamic model

The pressure drop across a straight channel is found, assuming
atmospheric pressure at the exit, by

o�pfrict

on
¼ �

2f appqf �u
2

dh
; ð13Þ

where fapp is the apparent Fanning friction factor. Muzychka and
Yovanovich [15] developed a general model for hydrodynamically
developing laminar flow in non-circular ducts by combining the
asymptotic solutions of laminar boundary layer flow, Graetz flow,
and fully developed flow for several duct configurations. The com-
posite solution takes the form

fapp;kRek ¼
12ffiffiffiffiffi

ek
p ð1þ ekÞ 1� 192ek

p5 tanh p
2ek

� �h i
0
@

1
A

2

þ 3:44ffiffiffiffiffi
zþk

p
 !2

2
64

3
75

1=2

;

ð14Þ

where e is the aspect ratio of the channel. The Reynolds number Rek

at the kth branching level is given by

Rek �
qf �ukdh;k

lf
ð15Þ

with the mean velocity �uk at the kth branching level

�uk ¼
_Vk

d2
h;k

¼ 2kð2=b�1Þ
_V0

hw0
: ð16Þ

As a result, the frictional pressure drop across the kth branching le-
vel is given by

Dpk;frict ¼
2f app;kqf �u

2
knk

dh;k
: ð17Þ

The pressure drop across a bifurcation between the kth and the
k + 1th branching level is correlated with the dynamic pressure at
the kth branching level, and is given by
Dpk;T ¼ 1T
1
2
qf �u

2
k ; ð18Þ

where the heat-loss coefficient is empirically determined to be
fT = 1.3 for a T-junction [16]. Consequently the overall pressure
drop of the bifurcating network is identified as

Dp ¼ 2
XK

k¼0

ðDpk;frict þ Dpk;TÞ; ð19Þ

where the factor 2 indicates that for simplicity the pressure drop in
the second network is assumed to be identical to that of the first
network, which imposes an identical heat loss for the bifurcating
and the merging flow.

The overall pressure drop across a parallel network is deter-
mined by the frictional pressure drop across the manifold and
the heat-exchanging straight channel,

Dpp ¼ DpM þ DpCh: ð20Þ

Along the manifold channel, the volume flux decreases and the
channel cross-section tapers according to Eqs. (11) and (12), respec-
tively. Because the system has a finite number of channels branch-
ing from the supply system, the volume flux does not decrease
linearly but discretely along the channel as

_Vn ¼ _Vn 1� n
NCh

� �
; for 0 6 n 6 NCh: ð21Þ

By integrating Eq. (13) along the manifold channel, the pressure
drop across the supply system is given by Fig. 3

D�pM;frict ¼
Z LM

0
�

2f appðn; �uÞqf �u
2ðnÞ

dhðnÞ
dn: ð22Þ

The integral is solved numerically by dividing the manifold channel
into NCh segments that are discretized into NI discrete volumes with
a grid spacing Dx and a constant channel width as shown in Fig. 4.
The pressure drop of each segment is calculated by summing up the
pressure drop across each discrete volume. The pressure drop
across a discrete volume is determined by

Dpn
i ¼ Dpðnn�1 þ iDxÞ � Dpðnn�1 þ ði� 1ÞDxÞ; ð23Þ

where i is a local node identifier. Hence, the overall pressure drop
across the manifold channel is determined by

DpM ¼
XNCh

n¼1

XNI

i¼1

f n�1
app;i½n

n�1 þ iDx� � f n�1
app;i�1½n

n�1 þ ði� 1ÞDx�
n o2qun�1

i

dn�1
h;i

:

ð24Þ
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Fig. 4. Schematic of the geometrical structure and discretization scheme of the
parallel channel network.
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3.2. Thermal model

In the present model we do not explicitly consider heat conduc-
tion in the solid material between the fluid channels. Hence, we
need to define a realistic boundary condition for the convective
heat transfer from the channel wall into the liquid, which repre-
sents the heat flow from a chip back-side to the fluid channels.
As in the bifurcating network the heat transfer coefficient changes
from branching level to branching level, the heat flux from the chip
back-side is conducted preferentially to the smaller channels at
higher branching levels which have the highest heat transfer coef-
ficient. A constant heat flux boundary condition does not apply.
Typically the material being used to fabricate a heat sink is highly
conductive. Assuming an infinite thermal conductivity of the heat
sink material, there is no conductive thermal resistance, resulting
in a constant channel wall temperature that is equal to the temper-
ature of the chip back-side. In a real system with finite thermal
conductivity, we find a boundary condition somewhere in between
a constant wall temperature and a constant heat flux boundary
condition. For the sake of simplicity, we apply the idealized bound-
ary conditions of constant heat flux and constant temperature, and
analyze the network performance for these two conditions.

The heat transfer from solid to liquid is computed numerically
by means of a channel discretized into NJ segments. The heat flux
from the solid wall into the liquid at branching level k and node j
is computed using Newton’s law of cooling,

q00k;j ¼ ak;jðTw;j � T f ;k;jÞ; ð25Þ

where a is the local heat transfer coefficient. As we consider the ther-
mal boundary to reinitiate at each branching level, the heat transfer
coefficient a is a function of position nk and can be obtained by

aðnkÞ ¼
NuðnkÞkf

dh;k
; ð26Þ

where Nu(nk) is the local Nusselt number considering simulta-
neously developing flows. A correlation for a constant wall temper-
ature and a constant wall heat flux boundary condition is provided
by Muzychka and Yovanovich [17]. We determine the fluid temper-
ature from an energy balance across a discrete volume DV as

T f ;k;j ¼ T f ;k;j�1 þ
q00k;jAw;k;j

q _Vkcp

; ð27Þ

where Aw,k,j is the convective surface area of the discrete channel
segment. To estimate the thermal performance of the heat sink
we calculate the total removed heat normalized to the heat sink
footprint

q00chip ¼ q _V0cp
Aw

Achip
ðT f;K;N � T inÞ: ð28Þ

For a constant wall heat flux boundary condition, we calculate the
wall temperature along the channel network by solving Eq. (25)
for Tw,i with the local fluid temperature being determined by Eq.
(27). We assume that the heat flux is introduced through the bot-
tom surface of the heat sink and is distributed uniformly to all walls
of the channel network, hence

q00w ¼ q00chip
Achip

Aw
: ð29Þ
4. Grid independence and validation

For the thermal model we reached convergence for NJ = 2000,
and for the pressure drop along the manifold, cf. Eq. (24), for
NI = 1400. The present model of the bifurcating tree-like network
is validated by numerical results from Senn and Poulikakos [11].
They numerically investigated laminar convective heat transfer
and pressure drop characteristics in a bifurcating microchannel
network by solving the three dimensional Navier–Stokes and en-
ergy equations for an incompressible fluid with constant proper-
ties. A constant heat flux is applied to the wall of the square
cross-sectional channels with an inlet hydraulic diameter of
1 mm and an initial channel length of 10 mm. They considered
two cases. In the first case, they applied a heat flux of 776.8 W/
m2 at a Reynolds number of 20, resulting in an overall pressure
drop across the entire network of 4.88 Pa and a maximum wall
temperature of about 352.5 K. In the second case, a heat flux of
7768 W/m2 at a Reynolds number of 200 was applied. They com-
puted a pressure drop of 64.3 Pa, and reached a maximum wall
temperature of about 353 K. We adapted the geometry and the
hydrodynamic and thermal boundary conditions of our model to
their simulations. We found the pressure drops to be 3.9 and
58.3 Pa and maximum wall temperatures of 351.75 and 352.4 K
at Reynolds numbers of 20 and 200, respectively, which is in good
agreement with their results mentioned above.

5. Results and discussions

The hydrodynamic and the thermal model are numerically
solved for a bifurcating and a parallel channel network with inte-
grated manifold. The cross-section of the initial channel of both
networks is square, with an initial channel width and height of
500 lm. The initial channel length of the bifurcating network is
10 mm, resulting in a rectangular surface area of 2 � 2.833 cm2.
The performance of both networks is evaluated in the laminar flow
regime with Reynolds numbers of less than 2000 in the entrance of
the initial channel. The inlet fluid temperature is 293 K, and we as-
sume constant fluid properties, representing liquid water at the in-
let temperature. In this section we discuss the influence of the
volume flux and the geometric parameters of freedom, such as
the number of branching levels for the bifurcating network and
the channel width for the parallel network, on the performance
of the corresponding network.

5.1. Tree-like network

Fig. 5a shows the frictional pressure drop and the pressure drop
across a bifurcation at each branching level for bifurcating net-
works with different total numbers of branching levels. A constant
pressure gradient of 30 kPa bar is applied across the entire
network. The frictional pressure drop across the initial channel
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decreases with an increasing number of branching levels. If an addi-
tional branching level is added to the network, the total length of the
flow path and hence also the flow resistance will increase. Conse-
quently, for a constant pressure gradient, the total volume flux
through the network diminishes and the frictional pressure loss
across the initial channel drops. The pressure drop across a bifurca-
tion decreases from one branching level to the next as the volume
flux in a single channel is reduced. The bar plot in Fig. 5a shows
the contribution of the pressure drop across bifurcations and of
the frictional pressure drop to the overall pressure drop. The contri-
bution of the pressure drop across bifurcations to the overall pres-
sure drop of the network is significant. For networks with three
branching levels, 27.6% of the overall pressure drop is caused by
splitting the flow at bifurcations, whereas for the network with a to-
tal number of 8 branching levels it still contributes 9.8% to the over-
all pressure loss. Therefore, especially for networks with a higher
total number of branching levels, the overall pressure drop is dom-
inated by the frictional flow resistance. The pressure drop across
bifurcations has only a minor influence on the change in network
performance due to the adding of additional branching levels.
For a network with only three branching levels, the frictional
pressure loss across each branching level decreases with increasing
branching level, cf. Fig. 5a. The frictional flow resistance at one
branching level is defined as

Rk ¼
Capp

_VkLk

d4
h;k

; ð30Þ

where Capp is the apparent friction coefficient and is given by

Capp;k ¼
fapp;kðLkÞ

Rek
: ð31Þ

The volume flux in a single network channel decreases by a factor of
two at each branching level. If the channels are of a square cross-
section and the flow is fully developed, the friction coefficient will
remain constant for all channels. Hence, with respect to Eqs. (1)
and (2) the frictional flow resistance will decrease from branching
level to branching level by a factor of 2�1/6. However, as in the pres-
ent study the channel height is constant and only the channel width
changes and as we also consider entrance effects, the friction coef-
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ficient is a function of the channel aspect ratio and the channel en-
trance length, cf. Eq. (14). Thus it changes from branching level to
branching level. If the apparent friction coefficient rises by more
than a factor of 21/6, the overall frictional flow resistance will in-
crease from one to the next branching level, causing an increase
of the frictional pressure drop at higher branching levels as seen
in Fig. 5a.

The frictional pressure drop of networks with five and more
branching levels increases from the 3rd branching level on,
whereas for networks with fewer branching levels it decreases
up to the 4th branching level. This is caused by entrance effects.
The contribution of entrance effects is a function of the dimension-
less channel length z+. If z+ increases, the influence of entrance ef-
fects will become weaker. The dimensionless channel length at the
kth branching level is a function of the physical channel length, Lk,
and the channel’s Reynolds number, Rek. Combining the channel’s
Reynolds number ratio Rek+1/Rek = 2�2/3 with Eq. (1) yields the ratio
for the dimensionless channel length: zþkþ1=zþk ¼ 21=2. Hence en-
trance effects become weaker at higher branching levels. This is
observed for the network with just three branching levels, whose
pressure drop is mainly dominated by entrance effects. As the
overall volume flux decreases with a higher total number of
branching levels, entrance effects become less significant. Conse-
quently the pressure drop of networks with higher branching lev-
els is dominated by the flow in the fully developed region
described by the first term in Eq. (14).

For a constant pressure drop, the flow rate decreases with an
increasing number of branching levels. On the other hand, both
the heat transfer area and the solid to liquid heat transfer increase.
Hence, there will be an overall optimum number of branching lev-
els. We evaluate the thermal performance for a constant wall heat
flux boundary condition and a constant wall temperature. For a
constant wall heat flux boundary condition, we determined the tol-
erable wall heat flux that provides a maximum wall temperature of
less than 358 K. In the case of a constant wall temperature bound-
ary condition of 358 K, we investigated the dissipated heat. We
computed the dissipated heat as a function of the total number
of branching levels for a constant wall heat flux and a constant wall
temperature boundary condition as shown in Fig. 5b and c, respec-
tively. As expected, more heat is dissipated with increasing volume
flux and with increasing total number of branching levels. Fig. 5b
shows that for networks with a lower number of branching levels
the slope of the curve changes and becomes flatter with increased
volume flux. If the volume flux is increased, the thermal resistance
due to the finite heat capacity of the fluid will drop, whereas the
convective thermal resistance is a weak function of the volume
flux. The convective heat transfer depends on the volume flux only
in the entrance region of a channel. If the volume flux is increased
the entrance length is elongated, and thus the solid to liquid heat
transfer is enhanced because of the enhanced mixing of the fluid
perpendicularly to the flow direction. However, in the thermal
and hydrodynamic fully developed flow region of the channel, an
increased volume flux does not influence the convective thermal
resistance. Hence, at low volume fluxes, the heat transfer is limited
by the finite heat capacity of the fluid and increases linearly with
volume flux. At higher volume fluxes the contribution of the con-
vective thermal resistance to the overall thermal resistance in-
creases and hence reduces the thermal benefit of an increased
volume flux. This trend is more pronounced for networks with a
lower total number of branching levels. If the number of branching
level is increased the convective thermal resistance decreases.
Hence the region being dominated by the convective thermal resis-
tance is shifted to higher volume fluxes.

In addition, we investigated the heat transfer for a constant wall
temperature boundary condition to evaluate the influence of the
boundary condition on the thermal performance of the network.
As shown in Fig. 5c, the dependency between the dissipated heat
and the volume flux is similar to that of the constant wall heat flux
boundary condition. The absolute numbers of dissipated heat are
slightly higher for a constant wall temperature because the fluid
experiences a larger average temperature gradient while passing
through the network.

The efficiency of a heat sink is determined by its coefficient of
performance, COP. The coefficient of performance is defined as
the ratio of the dissipated heat and the energy needed to remove
the heat, and is given by

COP ¼
q00chipAchip

P
; ð32Þ

where P is the required pumping power determined by the pressure
drop across the network and the flow rate,

P ¼ Dp _V : ð33Þ

For a practical implementation of a microchannel heat sink in an
application, as for example a server rack, a pressure drop of about
30 kPa is desirable [18]. The dots in Fig. 5b and c indicate the vol-
ume flux and the dissipated heat for the limiting pressure drop.
For a constant pressure drop boundary condition, the volume flux
initially decreases with an increasing number of branching levels,
whereas the overall convective heat transfer increases. The opera-
tion point of heat sinks with three and four branching levels is in
the region governed by the solid to liquid heat transfer. For those
networks, an additional branching level reduces the convective
thermal resistance, whereas the thermal resistance due to the lim-
ited heat capacity of the fluid is increased only slightly because of a
reduction of volume flux. Hence, in this region, the performance of
the network is increased by increasing the number of branching lev-
els, as seen in Fig. 5d. A maximum thermal performance is achieved
if the heat sink is operated in the transition regime as for the net-
work with K = 5. In this manner, we make use of the full heat capac-
ity of the fluid at a minimum flow resistance. If more branching
levels are added, the thermal performance is limited by the finite
heat capacity of the fluid, and the dissipated heat decreases linearly
with decreasing volume flux. For a constant pressure gradient, the
dissipated heat and the required pumping power reduce likewise,
and as a result the efficiency of the network is not significantly im-
proved by further increasing the number of branching levels. As a
network with a total number of branching levels of five exhibits
the best thermal performance and because the efficiency does not
change significantly for networks with higher branching levels,
we select for the present boundary conditions an optimum number
of branching levels of five.

5.2. Parallel channel network

The hydrodynamic and the thermal performance of a heat sink
with parallel channels across the surface and an integrated mani-
fold strongly depend on the width of the parallel heat exchange
channels. The performance of the heat sink is analyzed in a Rey-
nolds number range of 500–2000 in the entrance region of the
manifold channel.

Fig. 6a shows the pressure drop across the manifold, the parallel
microchannels, and the overall network as a function of the
hydraulic diameter of the parallel mircochannels. As the hydraulic
diameter decreases, the absolute number of channels increases, cf.
Eq. (8), and hence the volume flux along the manifold channel and
the volume flux in each heat-exchanging microchannel change.
The reduction of volume flux along the manifold channel is com-
pensated by the tapering of the channel cross-section. The pressure
drop across the manifold channel is almost independent of the
number of parallel channels, whereas the pressure-drop across
the heat exchanging microchannels increases with decreasing
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hydraulic diameter. It follows from the superposition of both that
the overall pressure drop increases with decreasing channel width.

As in the case of the bifurcating network, we evaluated the
thermal performance of the network for a constant wall heat flux
providing a maximum wall temperature of less than 358 K and
for a constant wall temperature of 358 K. In both cases, the heat
flux is normalized with respect to the footprint of the heat sink
and is reported in Fig. 6b as a function of the hydraulic diameter
of the parallel channels. For a constant wall heat flux, the maxi-
mum tolerable heat flux increases with decreasing hydraulic
diameter because the solid to liquid heat transfer increases with
decreasing channel cross-section, cf. Eq. (26). However, it can be
seen from Fig. 6b that for channels with a small hydraulic diam-
eter, the dissipated heat is not increased but is dominated by the
thermal resistance because of the finite heat capacity of the fluid.
The transition range separates the range being dominated by the
finite heat capacity of the fluid from the range being dominated
by the liquid to solid heat transfer. For a Reynolds number of
500, the dissipated heat is almost independent of the hydraulic
diameter of the heat-transferring microchannels over the diame-
ter range of interest. If the Reynolds number is increased, the
transition range is more pronounced and is shifted to smaller
diameters with increasing Reynolds numbers because the thermal
resistance due to the finite heat capacity of the fluid decreases. A
similar relationship between the dissipated heat and the hydrau-
lic diameter is observed for a constant wall temperature bound-
ary condition. The transition range is shifted to higher hydraulic
diameters because for a constant wall temperature the average
solid to fluid temperature gradient is larger than for a constant
wall heat flux. Hence, the driving force for the solid to liquid heat
transfer is increased and, as a result, the heat transfer is limited
by the finite heat capacity of the fluid at smaller heat transfer
coefficients than for the constant wall heat flux boundary
condition.

To determine an optimum hydraulic diameter, we investigated
the performance of the network dependence of the hydraulic
diameter and the Reynolds number. There exists an optimum
diameter as a function of Reynolds number, as seen from Fig. 6c.
The optimum hydraulic diameter corresponds to the transition
range observed for the heat transfer, cf. Fig. 6b. At the optimum
hydraulic diameter, the full heat capacity of the fluid is used to re-
move heat at minimum pressure losses. For the heat transfer, the
optimum hydraulic diameter is shifted to larger values for a con-
stant wall temperature boundary condition, as seen from Fig. 6c
and 6d. In all cases, the optima are quite flat, leaving some design
freedom. In the following we will look at the conservative case of a
constant wall heat flux boundary condition and take an optimum
diameter of 242 lm.



W. Escher et al. / International Journal of Heat and Mass Transfer 52 (2009) 1421–1430 1429
5.3. Comparison: bifurcating vs. parallel channel network

In this section, we compare the performance of the parallel
channel and the bifurcating network at their respective design
optimum. We apply a constant wall heat flux boundary condition
and determine the maximum tolerable heat flux that provides a
wall temperature of less than 358 K. Table 1 shows a comparison
of both networks for identical volume flux, pressure drop, and
pumping power. For identical volume flux, both networks are oper-
ated in the range dominated by the thermal resistance because of
the finite heat capacity of the fluid. Hence, as the volume flux and
the fluid outlet temperature are the almost same, both networks
dissipate roughly the same amount of heat. The pressure drop
across the parallel channel network is 0.235 bar smaller than
across the bifurcating network, resulting in an almost five times re-
duced pumping power and a 500% enhanced efficiency. For a con-
stant pumping power, a volume flux of 39.93 ml/min flows
through the parallel channel network. This is 20.1 ml/min higher
than the flow rate for the bifurcating network, whereas the pres-
sure drop across the parallel channel network is 0.152 bar lower
than across the bifurcating network. The parallel channel network
dissipates about twice the energy of the bifurcating network,
resulting in a more than twofold increased overall efficiency. If
the pressure drop across the networks is kept constant, 3.8 times
more heat is dissipated by the parallel channel network than by
the bifurcating network because of the more than three times
higher volume flux, while the network efficiencies are almost
identical.

The fractal structure and the limitation to a branching factor of
two restrict the parameter of freedom of the bifurcating network
drastically. The freedom to optimize the parallel channel network
with respect to its branching factor affects the network to distrib-
ute fluid more efficiently to a larger surface area more than it does
the bifurcating network. In the case of optimized networks, the
parallel channel network distributes the fluid from a single inlet
channel directly to 121 parallel microchannels, providing a heat
transfer surface area of 28 cm2 compared with a total surface area
of the tree-like network of just 2.1 cm2.

Earlier comparisons between bifurcating tree-like and parallel
channel networks did not consider a manifold system for the par-
allel channel network. They only considered the hydrodynamic and
thermal performance of the straight parallel channel network. If
the pressure drop across the manifold is not taken into account,
cf. Fig. 6, the parallel channel network will outperform the bifur-
cating network by an even much larger factor. Chen and Cheng
[6] postulated an identical surface area of the networks and re-
ported an enhanced efficiency of the bifurcating microchannel
net. We demonstrated that a restriction in surface area is not an
appropriate boundary condition for an efficiency comparison of
different heat sink designs in realistic applications in electronics.
Instead global boundary conditions, such as available space, form
factor and constraints in operation parameters, will determine
the optimal heat sink design.
Table 1
Comparison of flow rate, pressure drop, pumping power, dissipated heat, and
coefficient of performance of a bifurcating network with five branching levels and a
parallel channel network with 121 channels and a hydraulic diameter of 242 lm for
different operation parameters and a constant wall heat flux boundary condition

Bifurcating network K = 5 Parallel channel network, dh = 242 lm

_V ¼ constant p _V ¼ constant Dp = constant

_V [ml/min] 19.2 19.2 39.3 69.1
Dp [bar] 0.3 0.065 0.148 0.3
p _V [mW] 9.7 2.1 9.7 34.6
q [W cm�2] 13.6 14.98 29.88 50.67
COP [�] 7933 40770 17387 8445
6. Conclusions

We presented a one-dimensional model to analyze the hydro-
dynamic and the thermal performance of a bifurcating and a paral-
lel channel network branching from a single manifold channel. In
contrast to earlier comparisons [6,7], both networks were opti-
mized independently with respect to global boundary conditions,
such as a thin form factor and a single fluid inlet and outlet. Be-
cause of the massive branching from the manifold, the parallel
channel cooler is much more densely packed than the bifurcating
network and distributes the coolant more efficiently to a larger
heat transfer surface area. For a constant flow rate, the parallel
channel network has a more than fivefold higher coefficient of per-
formance than the bifurcating tree-like network, while almost four
times more heat can be removed for a constant pressure gradient
across the networks. In addition, the manifold system and the heat
exchanging channels of the parallel channel network are inte-
grated into a single plane, whereas the bifurcating design requires
a second plane for fluid return. Consequently, the parallel channel
design is less complicated in terms of manufacturing and requires
only half the overall network height of the bifurcating network.

The drawback of the present parallel channel design is the non-
uniformity in cooling capacity owing to the heating up of the fluid
in the axial direction along the channels. The uniformity and the
cooling capability can be improved by distributing the fluid more
effectively over the surface to shorter heat-exchanging channels.
To supply shorter channels distributed over the same surface area
of the heat-generating device, either direct access from the top or,
if only lateral access is feasible, a planar hierarchical manifold sys-
tem is required. Bejan and Errera [19] proposed a concept for cool-
ing a heat-generating volume by using networks with massive
branching at the highest branching level and a hierarchical supply
and return system with a heterogeneous branching factor. The par-
allel channel network branching from a single manifold channel
investigated here can be thought of as a limit case of their concept
for one branching level, attractive in practical applications because
of its entirely two-dimensional realization with one inlet and one
outlet. We demonstrated that even this limiting case, which has
not yet been optimized with respect to its number of branching
levels, significantly outperforms a fractal, merely bifurcating de-
sign. If space considerations allow it, the network performance
can be further improved by allowing an extension in the third
dimension as additional degree of freedom. The manifold system
can be decoupled from the heat-exchanging parallel microchannels
by introducing a second plane for the supply and return system
that is vertically connected to the heat-exchanging structure. In
this way, the manifold system and the heat exchanging parallel
channels can be optimized with respect to their channel height
independently if the overall cooler height is given.
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